Abstract. The Nakayama automorphism of a class of connected graded Artin-Schelter regular algebras is calculated explicitly.
Introduction
Throughout let k denote a base field and assume that char k 2. All vector spaces and algebras are over k.
We start with the definition of a class of algebras, denoted by A(Q, C, s), as follows: Let Q := (q i j ) n×n and C := (c i j ) n×n be two n × n-matrices in M n (k) such that (E0.0.1) q ii = 1, q ji = q We may call C a skew Q-symmetric matrix. Let s be an integer such that 1 ≤ s ≤ n and let Ω denote s i=1 t 2 i , considered as an element in the free algebra k t 1 , t 2 , · · · , t n . Define
A(Q, C, s) = k t 1 , · · · , t n /(t j t i − q i j t i t j − c i j Ω, ∀ i, j).
If c i j = 0 for all i, j, it becomes the usually skew polynomial ring k q i j [t 1 , · · · , t n ]. So we will only consider the case when some of c i j s are nonzero. By carefully choosing the parameters Q and C, we can obtain plenty of interesting algebras, though all of them are Ore extensions (at least when s < n, see Proposition 1.6). Some examples are given in Section 2. The algebra A(Q, C, s) can also be viewed as a deformation of k q i j [t 1 , · · · , t n ] for some special values (q i j ) n×n . By definition, A(Q, C, s) is a quadratic algebra. The only result of this paper is to give some conditions on Q and C such that A(Q, C, s) is Koszul, strongly noetherian, CohenMacaulay, Artin-Schelter regular, and Auslander regular of global dimension n (and it is also a graded skew Clifford algebra); and when in this situation, we give an explicit formula of the Nakayama automorphism of the algebra A(Q, C, s) in terms of a linear map associated to the basis {t 1 , t 2 · · · , t n }. We omit the definitions of some standard terms mentioned as above; these can be found in, for example, [ASZ, CV1, Le, RRZ1, RRZ2, SZ, ZZ] . However, we will recall the definition of the Nakayama automorphism in Definition 0.3 below because it is the objective of this paper. 
where
As a consequence, A(Q, C) is a graded skew Clifford algebra in the sense of CassidyVancliff [CV1, CV2] , see Proposition 1.5. Assisted by any computing software, say Maple, after finding a solution to system (E0.0.1)-(E0.0.8) (which consists of quite naive equations), one can construct immediately an Artin-Schelter regular algebra of dimension n. This is similar to the ideas of CV2] .
As promised we recall the definition of the Nakayama automorphism, see [RRZ1] for more information.
(1) A is called skew Calabi-Yau if (i) A is homologically smooth, that is, A has a projective resolution in the category A e -Mod that has finite length and each term in the projective resolution is finitely generated, and (ii) there is an integer d and an algebra automorphism µ of A such that When A is a connected graded domain, every unit of A is a nonzero scalar, which is central. In this case, every inner automorphism of A is the identity map and the Nakayama automorphism of A (if exists) is unique.
By [RRZ1, Lemma 1.2], a connected graded algebra is skew Calabi-Yau if and only if it is Artin-Schelter regular. The Nakayama automorphism of an Artin-Schelter regular algebra (or more generally a skew Calabi-Yau algebra) is an important invariant, which is closely related to the study of (1) rigid dualizing complexes [V1] and the Calabi-Yau property [RRZ1, RRZ2] ; (2) the Poincaré duality (or Van den Bergh duality) between Hochschild homology and Hochschild cohomology [V2] ; (3) the automorphism group of Artin-Schelter regular algebras and group/Hopf algebra actions on Artin-Schelter regular algebras [LMZ] ; (4) locally nilpotent derivations and cancellation problem of Artin-Schelter regular algebras [LMZ] .
Several authors have been studying the Nakayama automorphism of some special classes of algebras during the last few years. Yekutieli gave an explicit formula of the Nakayama automorphism of the universal enveloping algebra U(L) of a finite dimensional Lie algebra L [Ye] . Rogalski-Reyes-Zhang proved several homological identities about the Nakayama automorphism in [RRZ1, RRZ2] . Liu-Wang-Wu studied the Nakayama automorphism for Ore extensions in [LWW] ; in particular, they gave a description of the Nakayama automorphism of the Ore extension algebra A[x; σ, δ]. Zhu-Van Oystaeyen-Zhang computed the Nakayama automorphism of a trimmed double Ore extension of a Koszul Artin-Schelter regular algebra in [ZVZ] . The authors of the present paper studied group actions and Hopf algebra actions on Artin-Schelter regular algebras of global dimension three in connection with the Nakayama automorphism [LMZ] . In general, the Nakayama automorphism is a subtle invariant and difficult to compute. Therefore it is definitely worth understanding and calculating the Nakayama automorphism for more examples. Note that the methods introduced in the papers [RRZ1, RRZ2, LWW] does not apply in our situation. We use another well-known method coming from Cassidy-Vancliff's paper [CV1] , by constructing a sequence of regular normalizing elements. Consequently, the Koszul dual of A(Q, C) is a complete intersection in the sense of [CV1, CV2, KKZ] . The algebras appeared in Theorem 0.2 are very easy in terms of generators and relations. It would be interesting to work out further properties concerning group or Hopf algebra actions and universal quantum linear group coactions (as in the work [WW] ) on A(Q, C), and invariants, such as, the center, the automorphism group, and the Makar-Limanov invariant, of A(Q, C).
We finish the introduction with the following question. In this section, we study the algebra A(Q, C) defined as in the introduction. Throughout this section we assume that the parameters (Q, C) satisfy conditions (E0.0.1)-(E0.0.8).
By definition, the algebra A(Q, C) is a quadratic algebra, and its Koszul dual is
where {x 1 , · · · , x n } is the dual basis of {t 1 , · · · , t n } and the ideal (Rel) is generated by the following relations.
We can construct a sequence of regular normal elements. Since T 1 is a skew polynomial ring, it is Koszul and Artin-Schelter regular of global dimension n. It is well-known that the monomials {x 
). Then T 2 is an Artin-Schelter Gorenstein algebra of injective dimension one and its Hilbert series is
Note that A ! (Q, C) is a factor ring of T 2 . Next we define some elements in
Note that the algebras T 1 , T 2 and A ! (Q, C) and the above elements are well-defined without (Q, C) satisfying (E0.0.1)-(E0.0.8), but we always assume (E0.0.1)-(E0.0.8) in this section.
The following is an easy observation. Lemma 1.1. Parts (1,2) hold in the algebra T 1 and part (3) holds in T 2 .
(1)
Proof. Each follows from a direct computation under the conditions (E0.0.1)-(E0.0.5).
Lemma 1.2. The following hold in T 2 .
(
Proof. (1) We use (E0.0.7) in the last step of the following computation
Similarly, we use (E0.0.6) in the last step of the following computation 
Similarly,
So we have 
is a basis of V. In this case, Vφ = φV by parts (2,3). Therefore Aφ = φA.
It is clear that i< j c ji x i x j = W α + M α for every α.
Lemma 1.3. The following hold in A
! (Q, C). 
The assertion follows since char k 2.
(2) Clear.
The assertions follow from the fact x 2 j = 0 for all j > s.
(4) We compute −2x
Similarly, −2x (6) By Lemma 1.2(4), φ is normal in T 2 . By definition, T 2 /φT 2 = T 2 /(φ) = A ! (Q, C), which is finite dimensional by part (5). Let K = {x ∈ T 2 | φx = 0}. Then K is a right graded T 2 -module. Since T 2 is noetherian, PI, Artin-Schelter Gorenstein of GK-dimension one, it is Cohen-Macaulay with respect to GK-dimension [SZ, Theorem 1.1]. In particular, any nonzero submodule of T 2 has GK-dimension one by the definition of GK-Cohen-Macaulay. Consider the following exact sequence
where K(2) and T 2 (2) are the degree shift by 2 of graded modules K and T 2 respectively, and note that Note that part (6) is a special case of [CV1, Corollary 2.6]. We will need the following lemma in the proof of Theorem 0.2. 
Using [ASZ, Proposition 4.9 (1)] repeatedly, A(Q, C) is strongly noetherian. It is also easy to see that A(Q, C) has enough normal elements in the sense of [Zh] . Other assertions of part (2) follow from part (1) and [Zh, Theorem 0.2] . (3) Let us work on the algebra T 1 . By [LWW, Proposition 4 .1] or [RRZ1, Example 5.5], the Nakayama automorphism of T 1 is determined by
, is normal and 
or, after simplification,
for all j. By Lemma 1.2, φ is normal in T 2 and µ T 2 (φ) = ( n w=1 q w1 ) 2 φ by (E0.0.4). The conjugation by φ is determined by
By Lemma 1.2(2,3), τ φ sends x j to q 2 1 j x j when j > s and x j − y j to x j + y j when j ≤ s. Therefore, by linear algebra,
. . .
Hence the Nakayama automorphism of E := A ! (Q, C) is given by
Thus the Nakayama automorphism of A(Q, C) is given by
Graded skew Clifford algebras were introduced and studied by CV2] 
.12], a graded skew Clifford algebra associated to µ and M 1 , · · · , M n is a graded k-algebra A on degree-one generators x 1 , x 2 , · · · , x n and on degree-two generators y 1 , y 2 , · · · , y n with defining relations given by the following:
• the existence of a normalizing sequence {r 1 , · · · , r n } of A that spans ky 1 + · · · + ky n .
Cassidy-Vancliff [CV1, CV2] associated the geometric data to a graded skew Clifford algebra by using noncommutative algebraic geometry developed in [ATV1, ATV2] . They generalized the notion of a quadric and a quadric system in commutative algebra to the noncommutative case, and proved that a graded skew Clifford algebra is Artin-Schelter regular if and only if its associated quadratic system is normalizing and base point free. It is possible that A(Q, C) in Theorem 0.2 is always an iterated Ore extension from k, which can be verified for all examples in the next section.
Examples
In this section we use the main result to construct some Artin-Schelter regular algebras of low global dimension and to calculate their Nakayama automorphisms.
All conditions (E0.0.1)-(E0.0.8) are satisfied. The algebra is isomorphic to k t 1 , t 2 , t 3 (t 3 t 2 − qt 2 t 3 − t 2 1 , t 1 central). This is an Artin-Schelter regular of dimension 3, which is the algebra A(2) in [LMZ] . The Nakayama automorphism of A(Q, C) is given by
When q is not a root of unity, the group actions, Hopf algebra actions and cancellation property of this algebra was studied in [LMZ] .
When n = 4, there are many solutions to system (E0.0.1)-(E0.0.8) (for example, solutions can be listed by Maple). We pick two of them and use Theorem 0.2 to calculate their Nakayama automorphism. It is possible that these algebras are isomorphic, in a nonobvious way, to some algebras constructed and studied in [CV1, CV2, NV, VV] .
We have
By Theorem 0.2(3), the Nakayama automorphism is given by
We have Note that the algebra A(Q, C) is a deformation quantization of the Poisson algebra given in [LWZ, Section 3.2] . By [LWZ, Lemma 3 .2], (E2.4.2) is equivalent to rank C ≤ 2. When k is algebraically closed, it follows from [DRZ, Theorems 2.1 and 2.5] that every skew symmetric matrix C with rank at most 2 (when n = 4) is orthogonally similar to either 
where a ∈ k and i 2 = −1. This implies that there are only three isomorphism classes of A(Q, C) corresponding to the above three matrices respectively (the assertion is also valid when n > 4). In all cases, one can show that A(Q, C) is an iterated Ore extension from k (details are omitted).
